We show that a bumpy closed Riemannian manifold (M n+1 , g) (3 ≤ n + 1 ≤ 7) admits a sequence of connected closed embedded two-sided minimal hypersurfaces whose areas and Morse indices both tend to infinity. This improves a previous result by O. Chodosh and C. Mantoulidis [CM19] on connected minimal hypersurfaces with arbitrarily large area.
introduction
The Almgren-Pitts min-max theory originated from the work of F.J. Almgren Jr. [Alm62, Alm65] and J. Pitts [Pit81] (using a deep regularity result in higher dimensions by Schoen-Simon [SS81] ), recently greatly developed by F.C. Marques and A. Neves [MN14, MN16, MN17, MN18] , has presented the abundance of minimal hypersurfaces. In particular, in a closed Riemannian manifold with dimension between 3 and 7, by localizing the method in [MN17] , A. Song [Son18] proved that there are infinitely many geometrically distinct embedded minimal hypersurfaces, resolving Yau's conjecture [Yau82] . However, a caveat of this result is the lack of geometric or topological information of these hypersurfaces.
For generic metrics, the conjecture was proved by Irie-Marques-Neves [IMN18] (3 ≤ n + 1 ≤ 7) and the author [Li19] (n + 1 ≥ 8), using Weyl law developed by Liokumovich-Marques-Neves [LMN18] . Moreover, the former result also revealed the denseness of minimal hypersurfaces, and later, Marques-Neves-Song [MNS17] gave a quantified version of the density, i.e., equidistribution.
In this paper, we shall focus on the generic case, more precisely, the bumpy metric case. Recall that a closed Riemannian manifold (M n+1 , g) is called bumpy, if any embedded closed minimal hypersurface is non-degenerate, i.e., has no nontrivial Jacobi field. B. White [Whi17] (See also Theorem 9 in [ACS17] ) has shown that the space of bumpy metrics on M is a residual subset of the space of C ∞ Riemannian metrics on M .
In a bumpy Riemannian manifold, due to non-degeneracy, minimal hypersurfaces from min-max theory are expected to have better properties. More precisely, in Allen-Cahn min-max setting (proposed by M. Guaraco [Gua18] , developed in Gaspar-Guaraco [GG18] ), O. Chodosh and C. Mantoulidis [CM18] proved multiplicity one conjecture (n+1 = 3), and more recently, in Almgren-Pitts setting, X. Zhou [Zho19] , using the prescribed mean curvature min-max theory developed in Zhou-Zhu [ZZ18] , confirmed Marques-Neves multiplicity one conjecture (3 ≤ n + 1 ≤ 7). These results combined with the work of Marques-Neves [MN18] on the Morse index of p-width minimal hypersurfaces lead to: Theorem 1 ([MN18], Theorem 8.4). On a bumpy closed Riemannian manifold (M n+1 , g) (3 ≤ n+1 ≤ 7), for each p ∈ N + , there exists a smooth, closed, embedded, multiplicity one, two-sided, minimal hypersurface Σ p such that (1) ω p (M, g) = Area g (Σ p ) , index(Σ p ) = p ,
and
(2) lim
where ω p (M, g) is the volume spectrum, more precisely, the min-max p-width, and c(n) > 0 is a dimensional constant from the Weyl law in [LMN18] .
However, Σ p here might have multiple disjoint components, so it is not obvious whether or not one could find a connected minimal hypersurface with either large Morse index or large area from the theorem. Note that in a manifold with Frankel property, for example, with positive Ricci curvature, Σ p will have only one connected component, so the answer will be trivially yes.
On the Morse index side, by monotonicity formula, we know that each component has a uniform area lower bound and therefore, the pigeon hole principle will directly imply that for each Σ p , there exists at least one component with Morse index at least proportional to p n/(n+1) . Nevertheless, such a component might not have large area.
On the area side, O. Chodosh and C. Mantoulidis [CM19] showed that there exists a sequence of connected minimal hypersurfaces whose areas tend to infinity.
Theorem 2 (Theorem 1.4, [CM19] ). On a bumpy closed Riemannian manifold (M n+1 , g) (3 ≤ n + 1 ≤ 7) , either:
• there exists a sequence of connected closed embedded stable minimal hypersurfaces Σ j with Area(Σ j ) → ∞ , or, • the hypersurfaces Σ p from Theorem 1 have at least one connected component
Nonetheless, even in the latter case, they couldn't get a lower bound on the Morse index on these components. Hence, it is natural to raise the following question:
Q: Does any bumpy closed Riemannian manifold admit a connected minimal hypersurface with both arbitrarily large area and Morse index?
In this paper, we shall give a positive answer to this question.
Theorem 3 (Main Theorem). Given any bumpy closed Riemannian manifold (M n+1 , g) (3 ≤ n + 1 ≤ 7), there exists a sequence of connected closed embedded two-sided minimal hypersurfaces {Γ i } such that
Moreover, the same proof also gives a better description on the growth rate of areas and Morse indices in the latter case of Theorem 2, i.e., Theorem 4. In a bumpy closed Riemannian manifold (M n+1 , g), if there are at most finitely many stable minimal hypersurfaces, then there exists a sequence of connected minimal hypersurfaces Γ p such that
and their areas satisfy either
The idea is based on an adaptation of X. Zhou's multiplicity one theorem [Zho19] and Marques-Neves Morse index theorem [MN18] to a "core" manifold introduced by A. Song [Son18] in the bumpy metric case, which will be described in Section 2. In Section 3, we will divide the proof into three cases based on the number of closed two-sided stable minimal hypersurfaces (none, finitely many and infinitely many), and then apply the adaptive theorems case by case, combined with several counting arguments, to conclude our results.
Notation: In the following, we shall use both Σ and Γ to denote minimal hypersurfaces, where Σ is usually a boundary component of a "core" manifold while Γ lies inside the interior.
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Multiplicity and Morse Index for Confined Min-max Closed Minimal Hypersurfaces
In this section, we will only consider a Riemannian manifold with boundary (N, ∂N ) , which is a submanifold of the bumpy manifold (M, g), where its boundary ∂N = m i=1 Σ i is a finite union of connected closed embedded two-sided stable minimal hypersurfaces in M .
A. Song's Construction of a Non-compact Manifold with Cylindrical
Ends. In this subsection, for completeness, we give a brief description of cylindrical ends attached to the minimal hypersurface boundary and their properties (Subection 2.2 in [Son18] ).
Since the metric of M is bumpy, we know that Σ i 's are non-degenerately stable and have a contracting neighborhood in M , i.e., there exists a diffeomorphism
where Φ(∂N × {0}) = ∂N is the identity map and for all t ∈ [0,t], Φ(∂N × {t}) has non-zero mean curvature vector pointing towards ∂N , i.e., has positive mean curvature w.r.t. the direction pointing outwards ∂N . As in A. Song's paper [Son18] , we define the corresponding non-compact manifold with cylindrical ends:
where ϕ : ∂N × {0} → ∂N is the canonical identification. The Lipschitz continuous metric h on C(N ) will be given by
. Due to compactness, there exists a positive numberd > 0 independent of ε such that we can define the Fermi coordinates on ad-neighborhood of ∂N ε as follows:
where exp is the exponential map and ν is the inward unit normal of ∂N ε . In this Fermi coordinate, g can be written as g ε t ⊕ dt 2 . One could choose δ ε > 0 small enough so that
has positive mean curvature as well. One could also find a smooth function ϑ ε : [0, δ ε ] → R and a constant z ε ∈ (0, δ ε ) satisfying:
Abusing the notation, on N ε , let ϑ ε (γ ε (x, t)) := ϑ ε (t) for all (x, t) ∈ ∂N ε ×[0, δ ε ] . Now, one could define a new metric h ε on N ε :
In the following, we always assume that N ε is endowed with the metric h ε .
Here are some properties on the convergence from (N ε , h ε ) to (C(N ), h) .
(1) they have non-zero mean curvature vector pointing in the direction of −γ ε * ∂ ∂t ;
(2) their mean curvature goes uniformly to 0 as ε converges to 0 ;
(3) their second fundamental form is bounded by a constant C independent of ε .
(2) Fix any connected component C of ∂N ; for ε small enough, we can choose a component C ε of ∂N ε so that C ε converges to C as ε → 0. Furthermore, if we let {ε k } be a sequence converging to 0, and let
be a point at any fixed distanced > 0 from γ ε k (C ε k × {δ ε k }) for the metric h ε k ,d being independent of k. Then subsequentially,
By Theorem 8 in [Son18] , suppose that Σ 1 has the largest area among all the boundary components and we know that
whereĈ ∈ (0, ∞) depends on h. In addition, By Lemma 2.2 and Lemma 2.3,
Theorem 9 in [Son18] asserts that such a p-width could be realized by a union of minimal hypersurfaces in the interior of N . Since the metric of M is bumpy, we could improve it using the multiplicity one theorem by X. Zhou [Zho19] and the Morse index theorem by F. Marques and A. Neves [MN18] .
Theorem 5. In (C(N ), h), for any p ∈ N + , there exists a pairwise disjoint union of connected, smooth, closed, embedded, two-sided, minimal hypersurfaces Γ 1 , · · · , Γ l contained in N \∂N such that
Proof. The proof will be processed in three steps.
Step 1. We are going to show that ∃ε 0 > 0 s.t. ∀ε ∈ (0, ε 0 ) , any connected embedded minimal hypersurface in N ε with area bounded by (ω p (C(N )) + 1) from above and index bounded by p from above is inside N ε \γ ε (∂N ε × [0, δ ε ]) . In fact, this essentially follows the proof for Theorem 9 in [Son18] so we only sketch it here.
Note that the metric h ε defined (11) indicates that the region γ ε (∂N ε × [0, δ ε ]) looks more and more cylindrical, and each slice has non-zero mean curvature by Lemma 2.1 (1). If we fixed a point q ∈ N \∂N , then for ε > 0 small enough, then
First, the monotonicity formula together with the maximum principle imply that there exists anR > 0 independent of ε such that any free boundary (possibly closed) embedded minimal hypersurface Γ in N ε with area bounded by (ω p (C(N )) + 1) is inside B hε (q,R) as long as ε > 0 is small enough. Thus, Γ should be closed.
Second, for any sequence of embedded minimal hypersurfaces {Γ ε k ⊂ N ε k } with area bounded by (ω p (C(N ), h) + 1) and Morse index bounded by p, if ε k → 0 , then by Lemma 2.2 and Lemma 2.3, we have a limiting varifold
would be a connected component of some slice ∂N × {δ} . However, Γ ε k for k large intersects Φ(∂N × {d}) and so does spt(V ∞ ) giving a contradiction.
As a consequence, spt(V ∞ ) is contained in (N, g) . A delicate and direct computation by A. Song shows that V ∞ is in fact g-stationary, and the maximum principle by B. White [Whi09] implies that V ∞ is contained in the interior of N . And therefore, Σ ∞ = spt(V ∞ ) is a smooth minimal hypersurface embedded in N with area bounded by (ω p (C(N ), h) + 1) and Morse index bounded by p .
Finally, since (M, g) is bumpy, by Sharp's compactness theorem again, ∃d 2 > 0 s.t. any closed embedded minimal hypersurface in the interior of N with area bounded by (ω p (C(N ), h) + 1) and Morse index bounded by p has a distance at least d 2 from ∂N . Because the convergence above holds for any sequence with ε k → 0 , and δ ε → 0 as ε → 0 , the monotonicity formula and the maximum principle together imply that ∃ε 0 > 0 s.t. ∀ε ∈ (0, ε 0 ) any connected embedded minimal hypersurface in N ε with area bounded by (ω p (C(N ), g) + 1) from above and index bounded by p from above has a distance at least d 2 /2 > 0 away from
A byproduct is that all these minimal hypersurfaces in (N ε , h ε ) with bounded area and bounded Morse index are in fact minimal hypersurfaces in the interior of (N, g) and thus non-degenerate and only finitely many.
Step 2. Fix ε ∈ (0, ε 0 ) small enough such that ω p (N ε , h ε ) < ω p (C(N )) + 1 . Following the proof for Theorem 8.3 in [MN18], we can perturb metric h ε as in Proposition 8.6 therein to get h i ε , and prove for each h i ε the existence of a sequence of two-sided p-width minimal hypersurfaces with multiplicity one and index p . Then, taking the limit and using the nondegeneracy, we obtain a two-sided minimal hypersurface with multiplicity one, index p and area ω p (N ε , h ε ) .
To be more precisely, let M p (h ε ) = {Γ 1 , · · · , Γ q } , q ∈ N to be the finite set of connected embedded minimal hypersurfaces in the interior of N ε with area bounded by (ω p (C(N )) + 1) and index bounded by p . We choose η > 0 small and for each l ∈ {1, · · · , q} , pick
Then for the metric
Γ l is still minimal for each l . It is possible to take (t (i) 1 , · · · , t (i) q ) ⊂ (0, 1) q to be a sequence tending to 0 and for the metric h i ε :=ĥ ε (t
Area h i ε (Γ 1 ), · · · , Area h i ε (Γ q ) , are linearly independent over Q. Sharp's compactness theorem shows that for i large enough, any connected embedded minimal hypersurface in (N ε , h i ε ) with area bounded by (ω p (C(N ), h) + 1) and index bounded by p is one of {Γ 1 , · · · , Γ q } and thus non-degenerate, closed, contained inside N ε \γ ε (∂N ε × [0, δ ε ]) .
Proposition 8.7 in [MN18] still implies the existence of a homotopy class Π i of p-sweepouts with ω p (N ε , h i ε ) = L(Π i ) , and one can observe (See details in Appendix A) that the proof for X. Zhou's Multiplicity One Theorem [Zho19] works in our setting and induces a minimizing sequence {Φ Taking the limit i → ∞ , Sharp's compactness theorem indicates the existence of a two-sided minimal hypersurface with multiplicity one, index p and area ω p (N ε , h ε ) (possibly with multiple components) inside N ε \γ ε (∂N ε × [0, δ ε ]) .
Step 3. As mentioned in the end of Step 1, the minimal hypersurface from Step 2 is in fact a g-minimal hypersurface in the interior of (N, g) with distance to the boundary at least d 2 . Take the limit ε → 0 , Sharp's compactness theorem again leads to the desired union of connected minimal hypersurfaces.
Proof of Theorem 3
Firstly, we construct (N, ∂N ) by cutting out along two-sided stable minimal hypersurfaces. Indeed, suppose that {Σ i } I i=1 is the union of all connected two-sided stable minimal hypersurfaces in M , and since g is bumpy, I is at most countable. Thus, we may assume that Area(Σ i ) ≤ Area(Σ i+1 ) for any i < I, if I ≥ 2.
If I = 0 , (N, ∂N ) will be constructed inductively.
• Let N 1 be the metric completion of a connected component of M \Σ 1 .
• Suppose that N j (j ≥ 1) is constructed. If there exists at least one hypersurface in {Σ i } I i=1 in the interior of N j , we may take the first minimal hypersurface Σ ′ j+1 and N j+1 to be the metric completion of a connected component of N j \Σ ′ j+1 . Otherwise, we will terminate the induction with (N, ∂N ) := (N j , ∂N j ) . Thus, there will be three cases. If I = 0 , we have M itself, or if I = 0, we obtain either (N, ∂N ) or a sequence of connected manifolds with boundary {(N j , ∂N j )} .
Case 1: I = 0 . We know that M has Frankel property for connected two-sided minimal hypersurfaces, i.e., any two connected two-sided minimal hypersurfaces should intersect with each other. Indeed, suppose this is not true and we have two connected twosided minimal hypersurfaces Γ 1 and Γ 2 , which must be unstable by assumption. By Lemma 11 in [Son18] , there exists a two-sided stable minimal hypersurface by minimization procedure in M giving a contradiction to the assumption that I = 0 .
Combining Frankel property and Theorem 8.3 in [MN18] , we have a sequence of connected, smooth, closed, embedded, multiplicity one, two-sided, minimal hyper-
Case 2: (N, ∂N ) = (N j , ∂N j ) for some j .
Again by Lemma 11 in [Son18] , we know that (N, ∂N ) has Frankel property for two-sided minimal hypersurfaces in the interior. Suppose that ∂N = m i=1 Σ i and Σ 1 is the one with the largest area. Combining Frankel property and Theorem 5, we have a sequence of connected, smooth, closed, embedded, two-sided minimal hypersurfaces {Γ p } ∞ p=1 such that (24) Area(Γ p ) = ω p (C(N )) , index(Γ p ) = p .
Case 3: There exists an infinite sequence {(N j , ∂N j )} . For each (N j , ∂N j ) , suppose that ∂N j = mj i=1 Σ j i where Σ j i is a connected stable minimal hypersurface and Σ j 1 is the one with the largest area. Since the metric g is bumpy, we have that
Thus, for any fixed p ∈ N + , there exists a j p ∈ N such that Area(Σ jp 1 ) ≥ p and by construction, we know that any two-sided stable minimal hypersurface in the interior of N jp has area no less than Area(Σ jp 1 ) . In fact, this is true for any two-sided minimal hypersurface inside N jp .
Lemma 3.1. If Γ is a connected two-sided minimal hypersurface in N jp \∂N jp , then Area(Γ) ≥ Area(Σ jp 1 ) . Proof. We only need to deal with the case where Γ is unstable, which has an expanding neighborhood nearby in N jp . Suppose that the conclusion does not hold, and then the two-sided unstable minimal hypersurface Γ has Area(Γ) < Area(Σ jp 1 ) . If Γ is non-separated in N jp , we can minimize the area in the cohomology class [Γ] ∈ H n (M ; Z 2 ) inside N jp . By maximum principle, we obtain a two-sided stable minimal hypersurface with at least one component Γ ′ in the interior of N jp with
Thus, Γ will separate N jp . LetÑ be the metric completion of the connected component of N jp \Γ such that Σ jp 1 ⊂ ∂Ñ . Since Γ is unstable, there exists an expanding neighborhood of Γ inÑ and then minimizing the homology class [Γ] gives us a stable minimal hypersurface, whose connected component by maximum principle again is either contained in ∂Ñ \Γ or in the interior ofÑ . Note that the area of each component is strictly less than Area(Σ jp 1 ) , so none of them could be inside the interior of N jp and thus the interior ofÑ . As a consequence, by the fact that ∂Ñ is the boundary of N , the minimal hypersurface obtained from the minimizing procedure could only be ∂Ñ \Γ, which gives a contradiction from the following inequality:
. In summary, any two-sided minimal hypersurface in N jp has area no less than Area(Σ Following the idea in the proof of Lemma 2.2 in [CM19] , we have the following counting estimate.
Lemma 3.2. Suppose that {Γ k } l k=1 ⊂ N jp \∂N jp is a set of disjoint, connected, closed, two-sided, minimal hypersurfaces with area no greater than (p + 1) · Area(Σ jp 1 ) , and then we have
Proof. ConsiderÑ = N jp \ l k=1 Γ k which can be written as a disjoin union of {Ñ t } Q t=1 , where (Ñ t , ∂Ñ t ) is a connected submanifold with boundary. Note that Q ≤ l , since each cut would produce at most one more connected component. Let C t = #{connected components of ∂Ñ t } and it is apparent that
Moreover, since Q ≤ l , we also have that
Now we are going to show that for eachÑ t , there are at least ⌈C t /2⌉ two-sided stable minimal hypersurfaces in the metric completion ofÑ t with area no greater than (p + 1) · Area(Σ jp 1 ) provided that C t ≥ 2 . Since each two-sided stable minimal hypersurfaces in M will be counted at most twice, the result implies that there exist at least ⌈l/2⌉ two-sided stable minimal hypersurfaces and thus, l ≤ 2N (p) + 1 .
Indeed, the proof is essentially the same as that for Claim 2.3 in [CM19] , but for completeness, we will present it here.
Write the components of ∂Ñ t as Γ ′ 1 , · · · , Γ ′
Let Ω C ′ t =Ñ t . Starting from the first unstable component Γ ′
t +1 ] = 0 minimizing area in the homology class, each of whose components by maximum principle is either in the interior of Ω k or one stable component of ∂Ñ t . Then, there exists a closed set
in Ω k , we can repeat this process (C t − C ′ t ) times from Γ C ′ t +1 to Γ Ct and obtain a union of two-sided stable minimal hypersurfaces
Finally, it suffices to show that each component in the union occurs at most twice. On one hand, by the construction, we know that each Γ ′ k showing in the union is as a component of either the boundary of Ω C ′ t or the boundary of some Ω k \Ω k+1 . On the other hand, since each component is two-sided, it could only be in the boundary of at most two submanifolds mentioned above. These two facts will lead to the desired conclusion.
By Theorem 5, for any P ∈ N large enough, there exists a union of smooth, connected, closed, embedded, two-sided minimal hypersurfaces Γ P 1 , · · · , Γ P lP contained in N jp \∂N jp such that (33)
By Lemma 3.1, we know that Area(Γ P k ) ≥ Area(Σ jp 1 ) ≥ p for any k . Moreover, by Lemma 3.2, we also know that the number of minimal hypersurfaces in {Γ P k } above with area no greater than (p + 1) · Area(Σ jp 1 ) is no greater than 2N (p) + 1, and hence, we can obtain an upper bound on l P , i.e., By the pigeonhole principle, we know that there exists a Γ P k ′ with
when P is large enough.
In this case, we now can define Γ p := Γ P k ′ chosen above.
In summary, in each case, we obtain a sequence of connected two-sided minimal hypersurfaces with
Appendix A. X. Zhou's Multiplicity One Theorem
The strategy of X. Zhou's proof lies upon the approximation of minimal hypersurfaces by a sequence of min-max prescribed mean curvature (PMC) hypersurfaces. Roughly speaking, in a bumpy closed Riemannian manifold, for each p-width, he constructs a sequence of PMC hypersurfaces converging to a p-width minimal hypersurface Σ. Analysis on such a convergence implies that if the multiplicity of the convergence is greater than one, then either one could get a non-trivial Jacobi field, or a positive function ϕ satisfying the PDE,
where L Σ is the Jacobi operator and h is the prescribed function. The first case can be excluded by the bumpiness while the second case is also excluded by choosing an appropriate h such that the PDE has no positive solution. Therefore, one is able to show that the p-width minimal hypersurface should has multiplicity one. Note that the construction of min-max PMC hypersurfaces is based on the work by X. Zhou and J. Zhu [ZZ18] . However, the results above are all in the setting of a closed Riemmanian manifold, and here we need to deal with (N ε , ∂N ε ) which is a Riemannian manifold with boundary. Therefore, one would expect to resolve this issue by directly adapting their methods in the free boundary min-max setting but it seems that the analysis on the touching set near the boundary, if possible, would require tedious work on this adaption. In fact, in our setting, the multiplicity one theorem could be proved without such a general theory.
Firstly, for ε > 0 small enough, we may view (N ε , ∂N ε ) as an subset of some closed smooth Riemannian manifoldÑ ε and then choose h defined inÑ ε such that all minimal hypersurfaces with area bounded by (ω p (C(N ), h) + 1) and Morse index bounded by p contained in the interior of N ε (they are finitely many) satisfy the sign-changing property as in Lemma 4.2 in [Zho19] . Meanwhile, h ∈ S(Ñ ε ) .
Second, define a cut-off function η supported in the interior of N ε such that we would follow the proof of Theorem 3.6 in [Zho19] with prescribed mean curvature δ ·h where the number δ > 0 is small enough. Note that for a pulled-tight min-max sequence S = {Φ l } ∈ Π, any varifold V ∈ C(S) is A δh -stationary.
Since h ≡ 0 near ∂N ε , the regularity for almost-minimizing free boundary minmax minimal hypersurfaces in Li-Zhou [LZ16] implies that there exists a V δ ∈ C(S) , spt(V δ )∩{x : dist hε (x, ∂N ε ) < 1/2} is either an empty set or a smooth hypersurface. Moreover, in the interior of {x : dist hε (x, ∂N ε ) > 1} , such a varifold V δ is δhalmost minimizing in small annuli, sinceh and h coincide there. Hence, by the maximum principle by B. White [Whi09] and monotonicity formulae, if we fix ε small enough and take δ even smaller, V δ should be contained in the interior of {x : dist hε (x, ∂N ε ) > 1} , since otherwise, the area of V δ will be greater than (ω p (C(N ), h) + 1) . Thus, the proof of Theorem 3.6 in [Zho19] implies that V δ is a smooth, closed, multiplicity one, properly embedded hypersurface with Morse index bounded above by p as boundary of a Cacciopoli set.
Finally, we can follow Theorem 4.1 in [Zho19] , taking δ → 0, and obtain an embedded closed multiplicity one minimal hypersurface with area ω p (N ε , h ε ) and Morse index bounded by p in the interior of (N ε , ∂N ε ).
